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Several moire´ systems created by various twisted bilayers have manifested magnetism under flat-
band conditions leading to enhanced interaction effects. We theoretically study stability of moire´
flatband ferromagnetism against collective excitations, with a focus on the effects of Bloch band
quantum geometry. The spin magnon spectrum is calculated using different approaches, including
Bethe-Salpeter equation, single mode approximation, and an analytical theory. One of our main
results is an analytical expression for the spin stiffness in terms of the Coulomb interaction potential,
the Berry curvatures, and the quantum metric tensor, where the last two quantities are geometric
invariants of moire´ bands. This analytical theory shows that Berry curvatures play an important
role in stiffening the spin magnons. Furthermore, we construct an effective field theory for the mag-
netization fluctuations, and show explicitly that skyrmion excitations bind an integer number of
electrons that is proportional to the Bloch band Chern number and the skyrmion winding number.
I. INTRODUCTION
Twisted bilayers with nearly flat moire´ bands1 pro-
vide a versatile platform to realize novel quantum states
of matter induced by strongly enhanced many-body in-
teraction effects. In particular, the possibility of tun-
ing interaction by controlling the twist angle leads to a
new experimental paradigm. Two prototypical interac-
tion driven states in moire´ flatbands are superconductors
and correlated insulators2–5. Here we use flatbands to
refer to bands with a narrow (not necessarily zero) band-
width that is comparable to the interaction strength.
While superconductivity in twisted bilayers can appear
at generic filling factors5, correlated insulators typically
develop only at certain commensurate filling factors (i.e.,
integer number of electrons/holes per moire´ cell). Moire´
superconductivity represents a theoretical challenge, and
various pairing mechanisms have been explored6–15. On
the other hand, the correlated insulators are generally
believed to be driven by Coulomb interactions, although
their exact nature in many situations remains an open
question that is under active study6–8,15–23. One possible
scenario, as proposed in several theoretical works24–29,
is flatband ferromagnetism with spin and/or valley po-
larization, which naturally leads to insulating states at
commensurate fillings when the interaction strength is
strong enough to open up a full gap at the Fermi level.
Evidence of ferromagnetism has indeed been experimen-
tally observed in many moire´ systems, including twisted
bilayer graphene aligned to hBN30,31, twisted double bi-
layer graphene32–35, ABC trilayer graphene on hBN36,
and twisted monolayer-bilayer graphene37,38. Remark-
ably, quantum anomalous Hall effects have been reported
in many of the above systems30,31,36,37. The quantum
anomalous Hall states form when the underlying moire´
bands carry valley contrast Chern numbers and inter-
actions generate valley polarized ferromagnets. This
valley Ising ordered Chern insulator has been theoret-
ically justified39–44 and its properties are under active
study45–50, while more exotic states have also been pro-
posed for the observed anomalous Hall effects51–53. The
interesting interplay of ferromagnetism, quantum geom-
etry (e.g., Berry curvatures), and topology (e.g., Chern
numbers) makes the magnetic properties of moire´ sys-
tems theoretically intriguing and challenging.
In this paper, we study moire´ flatband ferromagnetism,
with a motivation towards a deeper understanding of its
stability. A particular goal of our work is to obtain an ex-
plicit connection between quantum geometry and moire´
flatband ferromagnetism. Ferromagnets with maximal
flavor polarization can be exact eigenstates of many-body
Hamiltonians, but whether they realize the true ground
state of particular interacting systems generally stands as
a hard theoretical problem, with only a few known rig-
orous results for certain models54–56. Here we consider
a more tractable problem, that is, whether ferromag-
nets are at the local energy minima in the configuration
space of many-body states, and particularly, whether fer-
romagnets are robust against one-magnon collective exci-
tations. The one magnon excitations42,43 refer to states
with a total flavor polarization that is reduced by one
quantum compared to that of the maximally polarized
ferromagnets. Given that ferromagnetism has been ex-
perimentally observed in several moire´ systems, our work
on its stability is particularly relevant.
Theoretically establishing the guaranteed existence of
ground state ferromagnetism in moire´ systems (or in any
system) requires very accurate knowledge of the band
structure and the microscopic interaction details, and
then solving the many-body problem exactly, which is
beyond the scope of this theoretical work. What we es-
tablish in this work is that such moire´ flatband ferro-
magnetism, if it exists, is closely connected with the un-
derlying band quantum geometry. Within a mean field
theory such ferromagnetism emerges naturally in the in-
teracting flatband system, and in the absence of other
bands, the flatband ferromagnetism within the Hartree-
Fock theory can be an exact solution (provided there are
no first order transitions to some other unknown lower
energy states) similar to what happens in quantum Hall
ferromagnetism57. Based on this Hartree-Fock theory
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2(which can be exact as long as all other bands can be ig-
nored), we provide a detailed analytical theoretical study
of the ferromagnetic stability as well as a sharp geometric
interpretation of the moire´ flatband ferromagnetism.
We focus on spin magnons and calculate its excita-
tion spectrum (i.e., the spin wave energy) using a variety
of approaches, including Bethe-Salpeter equation43, sin-
gle mode approximation and an analytical theory. The
spin wave mode is a gapless Goldstone mode because of
spontaneous spin SU(2) symmetry breaking in the ferro-
magnet. The spin wave energy is a quadratic function
of momentum in the long-wavelength limit, which can
be used to extract the spin stiffness. Our main result is
an analytical expression [Eq. (24)] for the spin stiffness
ρs in terms of three quantities, the interaction potential
V (q), the Berry curvature Ωk, and the quantum metric
(also known as Fubini-Study metric) tensor gˆk, where the
last two quantities characterize the quantum geometry of
the moire´ bands. We make two remarks about this re-
sult. (1) |Ωk| contributes to stiffen the spin magnons,
while gˆk tends to suppress ρs. It is important to note
that the absolute value of Berry curvatures, i.e., |Ωk|,
enters into the expression of ρs, but the sign of Ωk does
not. Therefore, a topologically trivial band with a zero
Chern number but finite Berry curvatures can still sup-
port ferromagnetism. (2) The quantum metric tensor gˆk
and the Berry curvature Ωk are related by an inequality
Trgˆk ≥ |Ωk|, as proved in Ref. 58. After approximating
Trgˆk by |Ωk|, we can express ρs in terms of the character-
istic interaction strength e2/(aM ) (aM being the moire´
period) and |Ωk|, as shown in Eq. (28), with ρs being
proportional to
∫
dk |Ωk|1/2 . Remarkably, we find that
Eq. (28), despite being approximate, provides a semi-
quantitative estimation of the spin stiffness compared to
that obtained from the Bethe-Salpeter equation. This
indicates that Berry curvatures play an important role
in stiffening the spin magnons, and therefore, stabilizing
the ferromagnetic states. Moire´ bands in twisted bilayers
that break Cˆ2z symmetry (a twofold rotation around the
out-of-plane zˆ axis) generically carry large Berry curva-
tures, thus producing stable ferromagnetism. Our theory
provides a unified picture on why ferromagnetism is com-
monly found in moire´ flatbands, seemingly independent
of microscopic materials details.
We discuss the connection of this work with related
studies. This work is a continuation of our previous
paper43 where the collective excitation spectra were ob-
tained by numerically solving the Bethe-Salpeter equa-
tion. The analytical study presented in this work can be
viewed as a generalization of the ferromagnetism physics
from Landau levels57 to moire´ bands, which carry, re-
spectively, uniform and nonuniform quantum geometric
invariants. This is of course perfectly understandable in
view of the moire´ flatband ferromagnetism being analo-
gous to quantum Hall ferromagnetism57,59 where an iso-
lated Landau level is known to be an interaction-driven
ferromagnet. The effects of Berry curvatures on ρs for
moire´ flatband ferromagnetism have been discussed in
Refs. 24 and 60, but the role of quantum metric in de-
termining ρs has not been explicitly demonstrated pre-
viously to our knowledge. Therefore, our main results
in Eqs. (24) and (28) are new. While our work is
based on a momentum-space approach, ferromagnetism
could also be studied using real-space approaches26,27,61.
The effects of quantum geometry on collective excitations
have been studied in other contexts, including valley ex-
citons in two-dimensional semiconductors62,63 and super-
fluid weight in superconductors64–67.
Our paper is organized as follows. In Sec. II, we set up
preliminaries on single-particle moire´ band theory as well
as the Hartree-Fock theory for interaction driven ferro-
magnetic insulators. We use twisted bilayer graphene
aligned to hBN as a convenient model system, where
the Chern numbers of moire´ bands can be theoretically
tuned. In Sec. III, we present our theory on spin wave
energy and spin stiffness. In Sec. IV, we construct an
effective Lagrangian for low-energy and long-wavelength
magnetization fluctuations, which is another approach to
obtain the spin wave mode. We also provide a derivation
that shows skyrmion excitations bind an integer number
of electrons that is proportional to the Bloch band Chern
number and the skyrmion winding number. In Sec. V, we
make a brief summary. Appendix A gives a proof for the
inequality Trgˆk ≥ |Ωk|, and explicitly shows the connec-
tion between moire´ and quantum Hall ferromagnetism
II. MOIRE´ BANDS AND FERROMAGNETISM
We use twisted bilayer graphene (TBG) as a model
system to study ferromagnetism in moire´ flatbands. The
continuum moire´ Hamiltonian1 of TBG is given by
Hτ =
(
hτb(k) Tτ (r)
T †τ (r) hτt(k)
)
, (1)
where r and k are respectively position and momentum
operators, and τ = ± is the valley index for ±K valleys
that are related by time-reversal symmetry. In Eq. (1),
the spin index is implicit because of spin SU(2) symme-
try, and Tτ (r) is the periodic interlayer tunneling term
1.
hτb and hτt are the Hamiltonians of the bottom (` = b)
and top (` = t) layers:
hτ`(k) = h
(0)
τ` (k) + ∆`σz/2, (2)
where h
(0)
τ` (k) is the Dirac Hamiltonian for valley τ and
layer `, and the additional term ∆`σz/2 is the sublat-
tice potential difference in layer `. Here σz is one of the
Pauli matrices in the sublattice space. The potentials
∆b (∆t) are generated when TBG is in close alignment
to the bottom (top) hexagonal boron nitride layers30,31,
break the Cˆ2z symmetry, and induce finite Berry curva-
tures for moire´ bands. We take ∆b,t as phenomenological
parameters, while the values of other parameters in Hτ
are given in Ref. 43.
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FIG. 1. (a) Moire´ band structure for +K valley states in
TBG with θ = 1.15◦ and ∆b = ∆t = 30meV. The first con-
duction and valence band in +K valley have Chern numbers
of +1 and −1, respectively. (b) Ωk, (c) g+k and (d) g−k of the
first conduction band in (a). Ωk is the Berry curvature, and
g±k characterize the quantum metric. The plots are within the
moire´ Brillouin zone. (e) The spin wave dispersion and (f) the
spin stiffness for the ferromagnetic state at the filling factor
ν = 3. In (e) and (f), different curves are obtained using dif-
ferent approaches, with BSE and SMA denoting respectively
the Bethe-Salpeter equation of Eq. (10) and the single mode
approximation of Eq. (15).
Representative band structures of Hτ are shown in
Figs. 1(a) and 2(a), respectively, for ∆b = ∆t and
∆b = −∆t. Because of the finite ∆b,t, Dirac cones lo-
cated at K¯ and K¯ ′ (corners of the moire´ Brillouin zone)
are gapped out, and the first moire´ conduction and va-
lence bands are energetically separated. The Chern num-
ber C+K of the first moire´ conduction (valence) band
in +K valley is +1 (−1) for ∆b = ∆t, but 0 (0) for
∆b = −∆t, because of different patterns in the Berry
curvatures, as shown in Figs. 1(b) and 2(b). For −K
valley, the corresponding Chern number is C−K = −C+K
following the time-reversal symmetry.
The low-energy moire´ bands in TBG with a twist angle
θ around 1◦ have a narrow bandwidth (∼ 10 meV). The
M M '
0.0
0.5
1.0
1.5
2.0
2.5
3.0
20
10
0
10
20
ഥ𝑀
ത𝐾′
ത𝐾
ഥ𝑀′
(b)
തΓ ഥ𝐾ഥ𝐾′ ഥ𝑀
𝜀(
m
eV
)
𝜃 = 1.15∘
Δ𝑏 = 30 meV
Δ𝑡 = −30 meV
+K valley
𝒞+𝐾 = 0
𝒞+𝐾 = 0
(a)
Ω തΓ ത𝐾 2
15
−15
0
(d)(c)
𝑔− തΓ ത𝐾 2𝑔+ തΓ ത𝐾 2
(e) (f)
ℰ
𝑆
(m
eV
)
𝜖 = 20
𝜌
𝑆
(m
eV
)
𝜖
5
10
0
15
10
20
25
5
15
10 12 14 16 18 20
0.0
0.2
0.4
0.6
0.8
1.0
1.2
BSE
SMA
Eq.(25)
Eq.(28)
1
2
3
4
BSE
SMA
Eq.(25)
Eq.(28)
1
2
3
4
FIG. 2. Similar plots as Fig. 1. Important differences are that
∆b = −∆t, and that Chern numbers for the first conduction
and valence band are 0.
characteristic Coulomb interaction energy scale EC =
e2/(aM ), with  being the background dielectric con-
stant and aM the moire´ period, can be comparable to
the bandwidth, and therefore, can give rise to strong cor-
relation physics. We consider electron density at which
the first moire´ conduction bands are partially filled, and
study an interacting model projected onto the first moire´
conduction band states, which are separated from other
bands when ∆b,t are finite. This approximation of ne-
glecting other bands is necessary for the later analytical
study presented in Sections III and IV. The projected
Hamiltonian H, including both the single-particle part
H0 and the interacting part H1, is given by
H0 =
∑
k,τ,s
εk,τ c
†
k,τ,sck,τ,s (3)
H1 =
1
2A
∑
V
(ττ ′)
k1k2k3k4
c†k1,τ,sc
†
k2,τ ′,s′ck3,τ ′,s′ck4,τ,s, (4)
V
(ττ ′)
k1k2k3k4
=
∑
q
V (q)O
(τ)
k1k4
(q)O
(τ ′)
k2k3
(−q), (5)
O
(τ)
kk′(q) =
∫
dreiq·rΦ∗k,τ (r)Φk′,τ (r), (6)
4where c†k,τ,s, εk,τ and Φk,τ are respectively the electron
creation operation, single-particle band energy, and wave
function for the first conduction band states with val-
ley index τ , spin label s, and momentum k. Here k
is measured relative to the moire´ Brillouin zone center
Γ¯ point, and εk,τ = ε−k,−τ and Φk,τ=Φ∗−k,−τ because
of time-reversal symmetry . In H1, A is the system
area, O
(τ)
kk′(q) is the plane-wave matrix element, and V (q)
is the screened Coulomb potential 2pie2 tanh(qd)/(q),
where  is the effective dielectric constant, and d is the
vertical distance between TBG and top(bottom) metallic
gates. In numerical calculations, we take d to be 40 nm,
which is a typical experimental value31.
The interaction matrix V
(ττ ′)
k1k2k3k4
is finite only when
k1 + k2 − k3 − k4 is equal to b, where b can be any
moire´ reciprocal lattice vectors (including the 0 vector),
because of moire´ translation symmetry. Similarly, q in
the matrix element O
(τ)
kk′(q) can differ from k−k′ by the
vector b.
The Hamiltonian H respects threefold rotational sym-
metry, spin SU(2), valley U(1) symmetry and spinless
time reversal symmetry. Furthermore, H is invariant un-
der the following gauge transformation:
Φk,τ (r)→ eiτϕkΦk,τ (r),
c†k,τ,s → eiτϕkc†k,τ,s
ck,τ,s → e−iτϕkck,τ,s
(7)
which reflects the fact that physical properties of the sys-
tem should be independent of phase choices of single-
particle wave functions. In Eq. (7), ϕk represents an
arbitrary phase that can depend on k but is independent
of position r.
Motivated by the experimental observation of ferro-
magnetic insulators in TBG and related moire´ systems,
we use Hartree-Fock (HF) approximation to find the
mean-field solutions of the Hamiltonian H. In the HF de-
composition, we allow spin and valley polarization, which
leads to the following mean-field Hamiltonian
HMF =
∑
k,τ,s
Ek,τ,sc
†
k,τ,sck,τ,s,
Ek,τ,s =εk,τ +
1
A
∑
k′,τ ′,s′
V
(ττ ′)
kk′k′knF (Ek′,τ ′,s′)
− 1
A
∑
k′
V
(ττ)
kk′kk′nF (Ek′,τ,s),
(8)
where the quasiparticle energy Ek,τ,s includes the moire´
band energy εk,τ as well as the HF self energies, and nF
represents the Fermi-Dirac occupation number.
We define the electron filling factor ν as n/n0, where n
is the electron density and n0 the density for one electron
per moire´ unit cell. A full filling of the first moire´ conduc-
tion bands corresponds to ν = 4, taking into account the
spin and valley degeneracies. We consider commensurate
filling factors ν = 1, 2 and 3, and make the ansatz that ν
−𝐾
↑, ↓
+𝐾
↑
↓
FIG. 3. Schematic illustration of the ν = 3 ferromagnetic
insulator with full spin and valley polarization.
bands from the fourfold band manifold are occupied and
the remaining 4−ν bands are unoccupied, which give rise
to interaction driven spin and/or valley polarized insu-
lators (zero temperature is assumed in this work). Here
spin polarized states spontaneously break the spin SU(2)
symmetry, but valley polarized states do not break the
valley U(1) symmetry since the number of electrons asso-
ciated with each valley remains conserved in the ansatz.
The HF quasiparticle energy Ek,τ,s is calculated based
on the above ansatz. We mention that this HF theory at
the commensurate filling factors can be exact when all
other bands can be ignored (i.e. if all the other bands
are well-separated in energy), which is similar to the cor-
responding exactness of quantum Hall ferromagnetism in
the single Landau level limit57.
III. SPIN WAVE
We focus on the spin polarized insulators and their
collective excitation spectrum. The spin magnon spec-
trum hosts a gapless spin wave mode, which is the Gold-
stone mode associated with the spontaneously broken
SU(2) symmetry. In the following, we present different
approaches to calculate the spin wave energy, using, re-
spectively, the Bethe-Salpeter equation, the single-mode
approximation, and an analytical theory.
A. Bethe-Salpeter Equation
For definiteness, we consider the spin and valley max-
imally polarized state at ν = 3, and use | ↑〉 to denote
the state in which only the valley +K and spin ↓ band
is unoccupied, as illustrated in Fig. 3. Here | ↑〉 is an
exact eigenstate of the many-body Hamiltonian H. The
magnon state with intravalley spin flip on top of the | ↑〉
state can be parameterized as follows
|Q〉S =
∑
k
zk,Qc
†
k+Q,+,↓ck,+,↑| ↑〉 (9)
whereQ is the center-of-mass momentum of the magnon.
Variation of the magnon energy with respect to the pa-
5rameters zk,Q leads to the following eigenvalue equation
ES(Q)zk,Q =
∑
k′
H(Q)kk′ zk′,Q,
H(Q)kk′ = (Ek+Q,+,↓ − Ek,+,↑)δk,k′ −
1
A
V
(++)
k′(k+Q)(k′+Q)k,
(10)
where the matrix H(Q)kk′ includes the quasiparticle energy
cost of creating an electron-hole pair and the attractive
interactions between electrons and holes. Equation (10)
represents the Bethe-Salpeter equation for spin magnons
in our system, and ES(Q) is the magnon energy.
The matrix H(Q)kk′ is not invariant (except at Q = 0)
under the gauge transformation in Eq. (7). However, the
characteristic polynomial of H(Q)kk′ only involves product
of wave function overlaps along closed loops in the mo-
mentum space, making the eigenvalues (i.e.,the magnon
energy) gauge invariant. The eigenvectors of H(Q)kk′ is
gauge dependent, and zk,Q transforms to zk,Q exp[i(ϕk−
ϕk+Q)] following Eq. (7).
We calculate the magnon energy by numerically diag-
onalizing the matrix H(Q)kk′ , and show the magnon spec-
trum in Figs. 1(e) and 2(e). In Fig. 1, the non-interacting
conduction bands have a finite valley Chern number, and
the interaction driven ferromagnetic state | ↑〉 (i.e., the
spin and valley polarized state at ν = 3) carries a net
Chern number of −1, which leads to the quantum anoma-
lous Hall effect. By contrast, the conduction bands in
Fig. 2 are topologically trivial, and the corresponding
ferromagnetic state | ↑〉 is also topologically trivial. De-
spite of the distinct topological characters, the magnon
spectrum for these two cases look very similar: (1) the
magnon energy shown in Figs. 1 and 2 is nonnegative,
which indicates the stability of the ferromagnetic state
| ↑〉 against spin magnon excitations; (2) the lowest-
energy spin magnon mode, i.e., the spin wave mode, is
gapless at Q = 0, as required by Goldstone’s theorem.
The gapless Goldstone mode at Q = 0 can be con-
structed exactly. The Hamiltonian H respects the spin
SU(2) symmetry, and therefore, commutes with the spin
lowering operator
S− =
∑
k,τ
c†k,τ,↓ck,τ,↑. (11)
Applying S− to the | ↑〉 generates an eigenstate of H,
|Q = 0〉SW = S−| ↑〉 =
∑
k
c†k,+,↓ck,+,↑| ↑〉, (12)
which is degenerate with the | ↑〉 state and represents
the gapless mode in the spin magnon spectrum. Equa-
tion (12) indicates that zk,Q = 1 for all k is an exact
zero-energy solution of H(Q)kk′ at Q = 0, which can be
confirmed explicitly.
B. Single Mode Approximation
We present a single mode approximation for the
spin wave by generalizing the spin lowering operator in
Eq. (11) from the zero momentum to a finite momentum
Q
S−Q =
∑
k,τ
M
(τ)
k+Q,kc
†
k+Q,τ,↓ck,τ,↑,
M
(τ)
k+Q,k =
∫
dreiQ·rΦ∗k+Q,τ (r)Φk,τ (r)
= 〈uk+Q,τ |uk,τ 〉,
(13)
where the plane-wave matrix element M
(τ)
k+Q,k makes the
operator S−Q gauge invariant, and |uk,τ 〉 is the periodic
part of the wave function defined as exp(−ik ·r)Φk,τ (r).
Applying the S−Q operator to | ↑〉 generates the approxi-
mate spin wave mode at momentum Q
|Q〉SW = S−Q| ↑〉
=
∑
k
Mk+Q,kc
†
k+Q,+,↓ck,+,↑| ↑〉. (14)
where Mk+Q,k ≡ M (+)k+Q,k. The ansatz in Eq. (14) is to
replace the variation parameter zk,Q by Mk+Q,k. The
energy of |Q〉SW measured relative to that of the | ↑〉
state gives the approximate spin wave energy:
ESW(Q) ≈
∑
k,k′ M
∗
k+Q,kH(Q)kk′Mk′+Q,k′∑
k |Mk+Q,k|2
. (15)
At small Q, the spin wave energy calculated using
Eq. (15) is in semiquantitative agreement with that ob-
tained from the Bethe-Salpeter equation [Eq. (10)], as
shown in Figs. 1(e) and 2(e). This agreement indicates
that Eq. (14) represents a good ansatz for the spin wave
mode.
C. Effects of quantum geometry on spin stiffness
In order to derive an analytical expression for the spin
stiffness, we keep terms in ESW(Q) that contribute up to
second order of Q as follows
ESW(Q) ≈ 1
n0A2
∑
k,p
[
V
(++)
k,k+p,k,k+p|Mk+Q,k|2
−V (++)k,k+p+Q,k+Q,k+pM∗k+p+Q,k+pMk+Q,k
]
,
(16)
where n0, as defined above, is the density for one electron
per moire´ unit cell, and n0A counts the total number of
moire´ unit cells in the system. To second order of Q, the
spin wave energy ESW(Q) in Eq. (16) is determined by the
interaction potential V (q) and the Bloch wave function
Φk,τ (r), but is independent of the single-particle band
energy εk,τ . In order to make further analytical progress,
6−
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FIG. 4. Momentum loops that appear in (a) the spin wave
energy of Eq. (18) and (b) the spin-charge relation of Eq. (36).
Different loops enclose different Berry curvatures, which is the
essential reason why Berry curvatures play a vital role in de-
termining the spin wave energy and the spin-charge relation.
we neglect Umklapp scattering terms in the interaction
matrix element,
V
(++)
k,k+p+Q,k+Q,k+p
=
∑
b
V (p+ b)O
(+)
k,k+p(−p− b)O(+)k+p+Q,k+Q(p+ b)
≈V (p)Mk,k+pMk+p+Q,k+Q,
(17)
where b represents moire´ reciprocal lattice vectors, and
the last line neglects terms with b 6= 0. The approxi-
mation in Eq. (17) could be justified by noting that the
Coulomb potential V (q) is sharply peaked around q = 0.
With Eq. (17), ESW(Q) can then be expressed as
ESW(Q) ≈ 1
n0A2
∑
k,p
V (p)
[
W(k,k + p,k,k +Q,k)
−W(k,k + p,k + p+Q,k +Q,k)
]
.
(18)
where W, representing the product of Mk1,k2 along a
closed path in the momentum space. Momentum loops
that appear in Eq. (18) are illustrated in Fig. 4(a). To
be explicit, the definition of W is
W(k1,k2, ...,kN ,kN+1 = k1) =
N∏
j=1
Mkj ,kj+1 . (19)
The gauge-invariant quantity W can be expressed in
terms of geometric invariants of the Bloch band
W(k1,k2, ...,kN ,kN+1 = k1)
≈ exp[i
∮
L
Aα(k)dkα − 1
2
∮
L
gˆαβ(k)dkαdkβ ]
= exp[i
∫
ΓL
Ωkd
2k − 1
2
∮
L
gˆαβ(k)dkαdkβ ],
(20)
where L represents the closed loop formed by kj for j =
1, ..., N + 1, and ΓL is the interior enclosed by L. Here
Aα(k) is the Berry connection, Ωk is the Berry curvature
and gˆ(k) is the quantum metric tensor, with definitions
respectively given by
Aα(k) = −i〈uk|∂kα |uk〉,
Ωk = ∂kxAy(k)− ∂kyAx(k),
gˆαβ(k) = Re[〈∂kαuk|∂kβuk〉]−Aα(k)Aβ(k),
(21)
where the valley index τ is understood to be + and ne-
glected for brevity. While the Berry connection Aα is
gauge dependent, the Berry curvature Ω and quantum
metric tensor gˆ are gauge invariant and characterize the
quantum geometry of the Bloch bands. By definition, the
tensor gˆ is real and symmetric. Equation (20) is derived
by using the following expansion
〈uk−p/2|uk+p/2〉
≈1 + ipαAα(k)− 1
2
pαpβRe[〈∂kαuk|∂kβuk〉]
≈ exp[ipαAα(k)− 1
2
gˆαβ(k)pαpβ ],
(22)
where each approximation is valid up to second order
of p. Equation (22) indicates that gˆ acts as the met-
ric that measures the “quantum distance”, i.e., 1 −
|〈uk−p/2|uk+p/2〉|2, between the two Bloch states. There-
fore, the tensor gˆ is dubbed as quantum metric, which is
always semipositive definite.
By combining Eqs. (18) and (20), we obtain an ana-
lytical expression for the spin wave energy
ESW(Q) ≈ 1
4n0A2
∑
k,p
V (p) exp(−pgˆkpT)Ω2kp2Q2 (23)
which is an expansion to second order in Q. The spin
stiffness ρs extracted from Eq. (23) by using the definition
ESW(Q) = (2ρs/n0)Q2 is
ρs ≈ 1
8A2
∑
k,p
Ω2kp
2V (p) exp(−pgˆkpT), (24)
which shows that the absolute value of Berry curvature
Ωk contributes to ρs, but the quantum metric gˆk tends
to suppress ρs. We emphasize that the sign of Ωk plays
no role in Eq. (24). This provides an explanation on why
the spin stiffness is finite in both Figs. 1 and 2, where
the Berry curvatures are finite for both cases but have
drastically different sign structures in momentum space.
The summation over p in Eq. (24) can be performed
analytically by using the unscreened Coulomb potential
V (p) = 2pie2/(|p|) and by extending the range of p from
the first moire´ Brillouin zone to the full momentum space,
which can be justified by noting the exponential decaying
factor exp(−pgˆkpT). The resulting ρs is
ρs ≈ 1
4
√
2pi
e2

∫
d2k
(2pi)2
Ω2k
E [2g−k /(g
+
k + g
−
k )]
(g+k − g−k )
√
g+k + g
−
k
, (25)
7where g±k = g
(1)
k ± g(2)k . Here g(1)k and g(2)k are the two
eigenvalues of the tensor gˆ(k), with g
(1)
k ≥ g(2)k ≥ 0. The
function E is the elliptic integral defined as
E (x) =
∫ pi/2
0
dφ
√
1− x sin2 φ . (26)
We numerically calculate the quantum metric gˆ based
on Eq. (20), and show g±k in Figs. 1 and 2. Similar to
the Berry curvature Ωk, g
±
k respects the symmetry in
the momentum space. Particularly, g−k vanishes at Γ¯, K¯
and K¯ ′ points because of threefold rotation symmetry.
Furthermore, there is an intrinsic lower bound, set by
|Ωk|, on g+k , as described by the following inequality
g+k ≡ Trgˆk ≥ |Ωk|, (27)
which has been proved in Ref. 58. We also provide a
proof of Eq. (27) in Appendix A.
By approximating g+k and g
−
k to be, respectively, |Ωk|
and 0, we can further simplify ρs to be
ρs ≈ 1
8
√
pi
2
e2

∫
d2k
(2pi)2
|Ωk|1/2 (28)
which depends only on the the Berry curvature Ωk and
the dielectric constant . Equation (28) shows the di-
rect analogy of moire´ flatband ferromagnetism to Landau
level quantum Hall ferromagnetism (see Appendix A) in
the sense that the momentum integral in this equation
can be interpreted as the effective inverse “Landau ra-
dius” for the moire´ system although the effective mag-
netic field (associated with the “Landau radius” in the
quantum Hall system) here is entirely a quantum geo-
metric effect as there is no applied magnetic field in the
moire´ system.
Equations (24), (25) and (28), at different levels of ap-
proximation, express the spin stiffness ρs analytically in
terms of interaction potential and Bloch-band quantum
geometry, which are the main results of this work. We
show values of ρs estimated using different approaches in
Figs. 1(f) and 2(f), and take ρs calculated directly from
the Bethe-Salpeter equation [Eq. (10)] as the benchmark
to check other approximations. The comparison can be
summarized as follows. (1) The single mode approxi-
mation of Eq. (15) overestimates ρs, which is expected
since the single mode state in Eq. (14) represents an ap-
proximate ansatz to the true spin wave state. (2) While
both Eqs. (25) and (28) generally underestimates ρs,
Eq. (28) can provide a better estimation despite the fact
that it is a further approximation to Eq. (25). This
is because exp(−pgˆkpT) overestimates the finite p re-
duction of |〈uk−p/2|uk+p/2〉|2, and replacing (g+k , g−k ) by
their lower bounds (|Ωk|, 0) partially cures this problem.
As shown by results in Figs. 1(f) and 2(f), Eq. (28) pro-
vides a semiquantitative estimation of the spin stiffness,
which indicates that Berry curvatures of Bloch bands can
contribute significantly to stiffen the spin magnons. It is
the absolute value of Berry curvatures, i.e., |Ωk|, that en-
ter into the expression of ρs. Therefore, a topologically
trivial band with a zero Chern number can still support
ferromagnetism, provided that the Berry curvatures are
finite in momentum space as the case in Fig. 2.
IV. FIELD THEORY AND SKYRMIONS
We present another approach to calculate the spin
wave energy by constructing an effective field theory,
which is based on the following spin texture state
|m(r)〉 = exp(−iF )| ↑〉,
F =
∫
dr [mx(r)Sy(r)−my(r)Sx(r)]
=
∑
q
mxqS
y
−q −myqSx−q,
S(r) =
1√
A
∑
q
e−iq·rSq,
Sq =
1√
A
∑
k,s1,s2
Mk+q,k c
†
k+q,+,s1
σs1s2
2
ck,+,s2 ,
(29)
where m(r) represents a unit vector with small in-plane
components mx,y and smooth spatial variations, and
S(r) is the local spin operator projected to +K valley.
mq and Sq are, respectively, the Fourier components of
m(r) and S(r). The operator exp(−iF ) rotates the local
spin direction from zˆ to m(r). Thus, the state |m(r)〉
has a slowly varying spin texture. By taking mx,y as
small parameters, we can expand the energy of the spin
texture state in powers of F
E [m(r)] = 〈m(r)|H|m(r)〉 − 〈↑ |H| ↑〉
≈ i〈↑ |[F,H]| ↑〉 − 1
2
〈↑ |[F, [F,H]]| ↑〉, (30)
where the first order term exactly vanishes. The second
order term in Eq. (30) gives rise to momentum space
integral very similar to Eq. (18), and therefore, can be
computed similarly. The resulting energy functional is
given by
E [m(r)] ≈ ρs
2
∑
q
q2(mxqm
x
−q +m
y
qm
y
−q)
=
ρs
2
∫
dr
{
[∇mx(r)]2 + [∇my(r)]2
}
,
(31)
where ρs is the spin stiffness with the same expression as
Eq. (24).
The effective Lagrangian includes not only the energy
functional E [m(r)] but also the kinetic Berry phase BS ,
LS = BS − E [m(r)]
BS = 〈m(r)|i~∂t|m(r)〉
≈ −~n0
4
∫
dr(mx∂tmy −my∂tmx)
(32)
8where t represents time. The field theory in Eq. (32) cap-
tures the low-energy and long-wavelength spin dynamics
in the ferromagnet. The corresponding equation of mo-
tion has spin wave solutions, where magnetization m(r)
precesses around zˆ direction with a wave vector Q at fre-
quency ω = (2ρs/n0)Q
2/~. Here ~ω is exactly the spin
wave energy.
The Lagrangian LS can be recasted into spin rotation
invariant form
LS = −
∫
d2r
{~n0
2
A[m] · ∂tm+ ρs
2
(∇m)2
}
, (33)
which is the O(3) nonlinear sigma model. Here A[m] is
the effective spin gauge field defined by∇m×A[m] = m.
The O(3) nonlinear sigma model also supports another
type of excitations, namely, skyrmions. We show that
skyrmions carry an integer number of excess charge when
the underlying Bloch band is topological with a nonzero
Chern number. This physics is known in the quantum
Hall regime57,68, and we generalize it from Landau levels
to Bloch bands with nonuniform Berry curvatures. We
first define a density operator as follows
ρq =
∑
k,τ,s
M
(τ)
k+q,kc
†
k+q,τ,sck,τ,s. (34)
The excess charge in the spin texture state is then given
by
δρq ≡ 〈m(r)|ρq|m(r)〉 − 〈↑ |ρq| ↑〉
=
C
8piA1/2
∑
p
(p ∧ q)(mp+q ∧m−p), (35)
where p ∧ q = (p × q) · zˆ and C = ∫ dk Ωk/(2pi) is the
Chern number. Equation (35) is derived by using the
following spin-charge commutation
〈↑ |[Sα−p−q, [Sβp , ρq]]| ↑〉
=
iαβ
2A3/2
∑
k
[W(k,k + p+ q,k + q,k)
−W(k,k + p+ q,k + p,k)]
≈− αβ
2A3/2
(p ∧ q)
∑
k
Ωk
=− αβ
4piA1/2
(p ∧ q) C,
(36)
where αβ represents the antisymmetric tensor with xy =
−yx = 1, andW is defined in Eq. (19) and evaluated us-
ing Eq. (20). A diagrammatic representation of Eq. (36)
is shown in Fig. 4(b).
The excess charge in real space is obtained by applying
Fourier transformation to Eq. (35),
δρ(r) ≡ 1√
A
∑
q
e−iq·rδρq
= − C
4pi
m(r) · [∂xm(r)× ∂ym(r)],
(37)
which is the Chern number C times the Pontryagin in-
dex density (or topological charge density) of the spin
texture. The total extra charge bound to a skyrmion is
a quantized number determined by C and the skyrmion
winding number Nw,
∆N ≡
∫
drδρ(r) = −CNw,
Nw ≡ 1
4pi
∫
drm(r) · [∂xm(r)× ∂ym(r)].
(38)
Therefore, skyrmions are charged when the underly-
ing Bloch bands carry nonzero Chern numbers. In the
topological case, the charged excitaton gap for the fer-
romagnet is determined by the Hartree-Fock gap ∆HF
or the energy cost ∆pair for creating a pair of skyrmions
with opposite winding numbers Nw = ±1, whichever is
lower. From the O(3) nonlinear sigma model, we obtain
∆pair = 8piρs. As found in our previous work
43, ∆pair
can be lower or higher in energy compared to ∆HF, de-
pending on details of the moire´ system.
V. CONCLUSION
In summary, we present an analytical theory of spin
stiffness, which elucidates the role of quantum geome-
try. We find that the spin stiffness ρs is an increasing
function of |Ωk|. An implication is that moire´ bands
with higher Chern numbers, as realized in twisted dou-
ble bilayer graphene69 and also twisted monolayer-bilayer
graphene37,38, could be more favorable for ferromag-
netism. We note that ρs can only characterize the spin
wave dispersion in the long-wavelength limit (Q → 0).
The stability of ferromagnetism requires that the spin
magnon spectrum is nonnegative in the full moire´ Bril-
louin zone. Therefore, a positive spin stiffness is a nec-
essary but not a sufficient criterion for the robustness of
ferromagnetism.
In addition to spin magnons, moire´ flatband ferromag-
netism can also have valley magnon excitations (i.e, in-
tervalley excitons). Because valley polarized states do
not break the valley U(1) symmetry, valley magnons are
generically gapped, which is another criterion required
for the stability of spin and valley polarized ferromagnets.
This criterion is numerically verified for the ferromagnets
studied in Figs. 1 and 2, by solving the Bethe-Salpeter
equation for the valley magnons43. Whether the valley
magnon energy can be analytically expressed in terms of
band geometric invariants is an interesting open question
that we leave for future study.
Our work also brings out the natural deep connection
between quantum Hall ferromagnetism and moire´ flat-
band ferromagnetism, showing that the spin stiffness in
the two cases have formally similar expressions. In addi-
tion, the ferromagnetism in both cases becomes an exact
solution within the HF theory as long as other bands in
the moire´ system (other Landau levels in the quantum
9Hall system) can be neglected. Providing the direct con-
nection of quantum geometry to the ferromagnetism in
moire´ systems is our important theoretical finding.
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Appendix A: QUANTUM GEOMETRY
We present a proof of Eq. (27) in this Appendix. The
Berry curvature and the quantum metric can be com-
bined to define a quantum geometric tensor Λˆ as follows
Λˆαβ(k) = gˆαβ(k) +
i
2
αβΩk, (A1)
where αβ is the antisymmetric tensor. Here Λˆ is a her-
mitian matrix that can be organized into the following
form
Λˆαβ(k) = 〈∂kαuk|∂kβuk〉 − Aα(k)Aβ(k)
= 〈∂kαuk|(Iˆ − Pˆk)|∂kβuk〉,
(A2)
where Iˆ is the identity matrix and Pˆk is the projector
|uk〉〈uk|. Iˆ − Pˆk represents another projector that is
complementary to Pˆk. The tensor Λˆ is the projection of
Iˆ − Pˆk onto the subspace spanned by {|∂kxuk〉, |∂kyuk〉}.
The projector Iˆ − Pˆk is semipositive definite, so is the
tensor Λˆ. Therefore, TrΛˆ ≥ 0 and det Λˆ ≥ 0 . Noting
that TrΛˆ = Trgˆ and det Λˆ = −Ω2/4 + det gˆ, we obtain
the following inequalities
Trgˆk ≥ 0, det gˆk ≥ Ω
2
k
4
. (A3)
Because gˆk is a 2×2 matrix, (Trgˆk)2 ≥ 4 det gˆk. It follows
that Trgˆk ≥ |Ωk|. Thus we prove Eq. (27).
When Trgˆk is equal to its lower bound |Ωk|, det gˆk
becomes equal to (Trgˆk)
2/4, which implies that g−k must
be 0 if g+k = |Ωk|.
It is instructive to discuss the quantum geometry in
the context of quantum Hall states in the lowest Landau
level (LLL). The Berry curvature and quantum metric of
magnetic Bloch bands in the LLL is given by
|Ωk| = `2B , gˆk =
`2B
2
(
1 0
0 1
)
, (A4)
which are uniform (i.e., independent of the momentum
k) and saturate the bound Trgˆk ≥ |Ωk|. In Eq. (A4), `B
is the magnetic length. With Ωk and gˆk in Eq. (A4), we
calculate the spin stiffness using Eq. (25) [equivalently,
Eq. (28)] and find ρs = e
2/(16
√
2pi`B), which turns out
to be the exact spin stiffness59 for the quantum Hall fer-
romagnetic state in the LLL with Coulomb interaction.
Therefore, Eqs. (25) and (28) represent a generalization
of spin stiffness from Landau levels to Bloch bands with
nonuniform quantum geometry.
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